In this work, we prove several important inequalities, and investigate the solution of an operator equation by means of the fixed point index in the theory of topological degree. For operator equations with different boundary conditions, the same conclusion is obtained. Meanwhile, the famous Rothe's Theorem is generalized. Finally, an example is given to show the application of Theorem 3.
Introduction
Let E be a real Banach space. And let D be a bounded open convex set in E, ∂ D the boundary of D in E. A continuous operator A :D → E is said to be a semi-closed 1-set-contractive operator if I − A is a closed operator and α(AD) ≤ α(D), where α denotes the non-compact measure.
Throughout this work, some concepts are taken from Refs. [1] [2] [3] [4] [5] [6] . In Ref. [1] Li established topological degree theorems for a semi-closed 1-set-contractive operator. In Ref.
[3] Guo investigated some fixed point problems for nonlinear operators. In Ref. [7] [8] [9] [10] [11] [12] Zhu generalized several famous theorems and investigated the theory of the fixed point index in functional analysis. In this work, we prove several important inequalities, and investigate a solution for the operator equation by means of the fixed point index in the theory of topological degree. Meanwhile, the famous Rothe's Theorem is generalized. Finally, an example is given to show the application of Theorem 3.
Main results
Lemma 1. When n > 1, and n ∈ N, then the follow inequalities hold:
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(i) t ≥ e ln t, where t > 0; (ii) (t + 1) n+1
, where t > 1. Proof. Firstly, we prove that t ≥ e ln t, where t > 0.
(1)
Let f (t) = t − e ln t, where t > 0; then f (t) = 1 − e t , Let f (t) = 0, that is, t = e. When 0 < t < e, we have f (t) < 0; when e < t < +∞, we have f (t) > 0. Thus, f (e) is a minimum value of f (t) in (0, +∞), that is, when 0 < t < +∞, we have t ≥ e ln t.
Secondly, we prove that
where t > 1, n > 1 and n ∈ N . Let g(t) = (t + 1) n+1
where n > 1, n ∈ N and t > 1. Then
Therefore, g(t) is a strictly monotone increasing function in [1, +∞).
Theorem 1. Let D be a bounded open convex subset in E and θ ∈ D. Suppose that A :D → E is a semi-closed 1-set-contractive operator, and Ax = x, for every x ∈ ∂ D. Meanwhile, the following condition holds:
] + e ln x for every x ∈ ∂ D, n > 1 and n ∈ N ; then the operator equation Ax = x has a solution in D.
Proof. By the given conditions, we know that Ax = x has no a solution in ∂ D.
Let H t (x) = t Ax, where t ∈ [0, 1], for every x ∈D; then H t :D → E is a semi-closed 1-set-contractive operator. In fact, we have
, where α denotes the non-compact measure.
Thus, H t :D → E is a 1-set-contractive operator. This is because
By virtue of the given conditions, we know that H t :D → E is a semi-closed operator. Thus, we obtain that H t :D → E is a semi-closed 1-set-contractive operator. When x > 0, by (i) in Lemma 1, we have e ln x − x ≤ 0, and by (H 1 ) we have
Hence, by the given condition (H 1 ) and Lemma 1, we can prove x = H t (x), for every x ∈ ∂ D, t ∈ [0, 1]. According to the homotopy invariance property in Ref. [1] , we know that
And by the solution property of Ref. [1] , we know that Ax = x has a solution in D.
Lemma 2. When t > 1, p > 1, the following inequality holds:
]. This is because
According to −2(t − 1) p−1 < 0, we obtain that
Therefore f (t) is a strictly monotone increasing function in [1, +∞). When t > 1, we have f (t) > f (1) and
Theorem 2. Let D be a bounded open convex subset in E, and θ ∈ D; suppose that A :D → E is a semi-closed 1-set-contractive operator such that
Then the operator equation Ax = x has a solution in D.
Proof. By (H 2 ), we know that Ax = x has no solution in ∂ D, that is,
We prove
In fact, suppose that (4) is not true, that is there exists a t 0 ∈ (0, 1), and an x 0 ∈ ∂ D such that
, we obtain
that is,
; as t 0 ∈ (0, 1), we obtain that t > 1. Hence (6) gives that
that is, 2(t − 1) p + 1 ≥ t p + (1 + t) p . This is a contradiction to Lemma 2. Thus,
By (3) and (8), we know that x = t Ax, t ∈ (0, 1], for every x ∈ ∂ D. By Ref. [1] , we obtain that i(A, D, E) = 1. That is, the operator equation Ax = x has a solution in D.
We can prove that the following Theorem 3 holds in an analogous way. 
